We extend a monotonicity result of Wang and Gong on the product of positive definite matrices in the context of semisimple Lie groups. A similar result on singular values is also obtained.
Introduction
We denote by Cn×n the set of n × n complex matrices and let Pn be the set of n × n positive definite matrices. The following result of Lieb and Thirring [11] has applications in mathematical physics [1] [2] [3] 11] . The result is also true for positive semidefinite matrices. But we will focus on positive definite matrices and the semi-positive case can easily be obtained by continuity. The LT-inequality can be slightly refined. For any s > 0, notice that tr (AB) Note that AB is not even Hermitian. In other words, P [1] , x [2] , . . . , x [n] ) denote a rearrangement of the components of x such that x [1] x [2] · · · x [n] . We say that x is majorized by y, denoted by
y [i] , k = 1, 2, . . . , n − 1, and
We say that x is weakly majorized by y, denoted by x ≺w y, if the equality becomes inequality. An equivalent condition for x ≺ y is conv Sn · x ⊂ conv Sn · y, where conv Sn · x denotes the convex hull of the orbit of x under the action of the symmetric group Sn [15] . When x and y are vectors with positive entries, we say that x is log majorized by y, denoted by x ≺ log y, if
y [i] .
and it is known that if x ≺ log y, then x ≺w y. Note that the eigenvalues of AB are positive if A, B ∈ Pn. Wang and Gong [18] extended the inequality of Lieb and Thirring: [20, p.20] .
Since the spectra of XY and YX are identical, counting multiplicities for any X, Y ∈ Cn×n, and λ
3) can be written as
So the Wong-Gong inequality asserts that the map
is monotonic increasing on (0, ∞) with respect to log majorization. The above setting has the advantage that B α/2 A α B α/2 is positive definite so that
So the monotonicity on (0, ∞) is concerning the eigenvalues of (B α/2 A α B α/2 ) 1/α in terms of log majorization.
It is known that [4, Exercise IX.2.4] the function
is monotonic increasing on (0, ∞) if A, B ∈ Cn×n are positive definite, where ‖ · ‖ denotes the spectral norm.
In other words, the largest singular value of the product A α B α is a monotonic increasing function on (0, ∞).
Our goal is to establish a generalized form of the matrix inequality (1.3) and (1.6) in the context of noncompact connected semisimple Lie groups.
Preliminaries
In order to extend (1.3) and (1.6) in the context of noncompact connected semisimple Lie groups, we now introduce some basic concepts. The reader is referred to [7, 10] for the standard notation.
Let G be a noncompact connected semisimple Lie group with Lie algebra g, let Θ be an (nontrivial) involution of G, and let K be the fixed point set of Θ, which is an analytic subgroup of G. The differential map θ: g → g of Θ has eigenvalues ±1. The eigenspace of θ corresponding to 1 is the Lie algebra k of K, and the eigenspace of θ corresponding to −1 is an Ad K-invariant subspace p of g complementary to k. Since G is semisimple, the Killing form B on g is nondegenerate. Let Θ be chosen such that B is negative definite on k and positive definite on p. This is equivalent to say that the bilinear form B θ defined by
is an inner product on g. In this case, the decomposition g = k + p is called a Cartan decomposition of g, and θ is called a Cartan involution of g, and Θ is called a Cartan involution of G. 
. Then k * = k −1 for k ∈ K and p * = p for p ∈ P. We remark that P is a subset of the fixed point set of *. An element g ∈ G is said to be normal if g and g * commute.
An element X ∈ g is called real semisimple (resp., nilpotent) if ad X is diagonalizable over R (resp., ad X is nilpotent). An element g ∈ G is called hyperbolic (resp., unipotent) if g = exp X for some real semisimple (resp., nilpotent) X ∈ g; in either case X is unique and we write X = log g. An element g ∈ G is called elliptic if Ad g is diagonalizable over C with eigenvalues of modulus 1.
The following important result, due to Kostant [10] , is called the complete multiplicative Jordan decomposition, abbreviated as CMJD. Each g ∈ G can be uniquely written as g = ehu, where e is elliptic, h is hyperbolic, u is unipotent, and the three elements e, h and u commute.
Let a be a maximal abelian subspace of p and let A be the analytic subgroup of G generated by a. We have p = Ad (K)a ([9, p.378]). The Weyl group W of (g, a) acts simply transitively on a, and also on A through the exponential map exp : a → A.
For any real semisimple element X ∈ g, let W(X) denote the set of elements in a that are conjugate to X:
It is known that W(X) is a single W-orbit in a ([10, Proposition 2.4]). Let conv W(X) be the convex hull in a generated by W(X). For any g ∈ G, define

A(g) := exp conv W(log h(g)),
where h(g) is the hyperbolic component of g in its CMJD. Kostant's pre-order ≺ G on G ([10, p.426]) is defined by setting f ≺ G g if
A(f ) ⊂ A(g).
This pre-order induces a partial order on the conjugacy classes of G. Kostant's pre-order does not depend on the choice of a due to the following result.
for any irreducible finite dimensional representation π of G, where ρ(π(g)) denotes the spectral radius of the operator π(g).
Extension of Wong-Gong monotonicity result
Given p, q ∈ P, one has p α = exp(αX) ∈ P for all α ∈ R where p = exp X with X ∈ p. 
The following is an extension of (1.3).
where h(g) denotes the hyperbolic element of g ∈ G.
Proof. Let G = PK be a Cartan decomposition of G. LetĜ denote the set of all irreducible finite dimensional representations of G. For each π ∈Ĝ, let Vπ be the representation space. We can fix once and for all an inner product on Vπ such that π(p) ∈ Aut Vπ is positive definite for all p ∈ P and π(k) ∈ Aut Vπ is unitary for all k ∈ K [10, p.435]. We denote by λ 1 (A) the largest eigenvalue of A if A is a positive definite matrix or positive definite endomorphism. By Theorem 2.3 it suffices to show that for all π ∈Ĝ
where ρ(·) denotes the spectral radius. Note that [7, II.Lemma 1.12]
where the second exponential map is exp : End Vπ → Aut Vπ; so π(x α ) = π α (x) for all α ∈ R and p ∈ P. Thus we have
Thus the desired result (3. and 5) where h(g) denotes the hyperbolic element of g ∈ G.
So Lieb-Thirring inequality and (1.3) follow when we consider G = SLn(C). We remark that similar technique was first used in [16] . It is known that [12, Theorem 3.6 ] the map
where
is a parametrization of the unique geodesic joining g and h in P. Note that p# 1 2 q is the geometric mean of p, q ∈ P.
Recall the kth compound matrix of Let 0 < α < β, let k be an integer such that 1 k n, and let A, B ∈ P n . Then (1.6) yields s
). In particular, for k = n, we have
The monotonicity results (3.6) and (1.3) are different since one is about the singular values and the other is about the eigenvalues. However, (1.3) is stronger than (3.6) since
In order to extend (3.6) in the context of semisimple Lie groups, we may consider the decomposition G = KAK and obtain a(g) = a ∈ A, where g = k 1 a(g)k 2 , k 1 , k 2 ∈ K. None of the components is unique. One may consider G = KA+K in which each g ∈ G can be decomposed as g = k 1 a+k 2 , where k 1 , k 2 ∈ K (not necessarily unique) and a+(g) := a+ ∈ A+ is unique. Here A+ = exp a+ and a+ is a (open) fundamental chamber of a, which is a fixed maximal abelian subspace in p. 
